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It is usual in studies of transient [nons~:eady] flow for a viscous incom- 
pressible conducting fluid in an MHD channel to take the distance be- 
tween the side wails as infinite, which allows the initial equations to be 
simplified, these reducing to a single equation for the velocity if the 
magnetic Reynotds number is small [1-3]. A real system has a finitera- 
tio of the sides, so it is desirable to establish the effects of thesidewalls. 

Cons ide r  the t r a n s i e n t - s t a t e  flow at constant  flow 
ra te  with an a r b i t r a r y  load coef f ic ien t ,  on the a s -  
sumpt ion  R m << 1. This  c o r r e s p o n d s  to ad jus tment  of 
the output of an MHD g e n e r a t o r  by a l t e r a t i on  of the 
magne t i c  induction.  

We a s s u m e  that the dev ice  which d r i v e s  the l iquid 
has a f ixed c h a r a c t e r i s t i c  Q = f(p),  which a l lows the 
flow ra t e  Q to be kept constant  as the p r e s s u r e  p 
v a r i e s .  

The equat ions  of magne t i c  h y d r o d y n a m i c s  may  be 
put as 

90v  / Ot --? p (vv)  v = - -  Vp + ~lzSv -}- [j x B], 

Fo r  s t e a d y - s t a t e  p r o b l e m s  and a >> b, we may  make  
the approx imat ion  Ey = constant ,  which a g r e e s  with 

e x p e r i m e n t  [ 4]. 

t f t t t  

Then s y s t e m  (2), with O h m ' s  law appl ied to the e x -  
t e r n a l  c i r cu i t ,  r e d u c e s  to one equat ion for  the v e l o c i t y : *  

M2~] 

o-7 \ &,~ -}- o f  I + k R T  ' 

j = v{E + [v • B]} , rotE = - -  OB]Ot,  

j = [x-lrot B, d ivB = d i v v =  0 , (1) 

in which v is the flow ve loc i ty ,  B is the m a g n e t i c  i n -  
duction,  E is the e l e c t r i c  f ie ld ,  j is c u r r e n t  densi ty ,  

and p, ~), or, and ~ a re ,  r e s p e c t i v e l y ,  the densi ty ,  dy-  
namic  v i s c o s i t y ,  conduct iv i ty ,  and p e r m e a b i l i t y .  

The long channel  is of r e c t a n g u l a r  c r o s s  sec t ion ,  

the s ides x = + b / 2  being the nonconduct ing po les  of the 
magnet ,  while the s ides  y = •  a re  conduct ing e l e c -  
t rodes  jo ined through the load r e s i s t a n c e  r ( f igure);  
h e r e  a >> b, but a is f ini te .  Then Eqs .  (1) b e c o m e  

p Ov~ Op { 02v z 02vz ) _  juBx ' 
Ot - -  Oz + rl k 0 ~  -}- ~ 1  

Og u OE x OB z 
Oz Oy = - -  T ' 

]x = vEx ,  iv = - -  lx-lOB~ ] Ox = a(E~j + v~Bx) .  (2) 

If a >> b we m a y  put aEy/aX >> OEx~y.  F u r t h e r ,  
the o r d e r s  of magni tude  of the o ther  t e r m s  in the s e c -  

ond equat ion in (2) a r e  as fo l lows:  

OEy OB z B x tOE 
O-T ~" - g i -  ~'~ Rm T ' l -~zV b : [ v~Bx I "~ R'~ ' 

R a = I x o U R h ,  Rh  = - a b / ( a - k - b )  , 

in which R m is the m a g n e t i c  Reynolds  n u m b e r ,  R h is 
the hyd rau l i c  r ad ius  of the channel ,  U is  the m e a n  flow 
speed,  and T is the c h a r a c t e r i s t i c  t ime .  If b / U T  ~ 1, 

we may a s s u m e  that  Ey is  independent  of x and is a 

function of t ime  alone,  

i Op 
P ( t )  = p o~ ' 

1/2b ll'~Ct 
Q I I I v d x d y = c o n s t ,  v = ~ ,  

M = R h B x V ' Z / ~ I , "  k = r ( r + r l )  -1, r l ~ - a / z b l ,  (3) 

in which M is the H a r t m a n n n u m b e r ,  k is the load fac to r .  
and r 1 is the i n t e rna l  r e s i s t a n c e  of a g e n e r a t o r  of 

length 1. 
In this case ,  the p r e s s u r e  g rad ien t  is  a function of 

t i m e  but is uniquely r e l a t e d  to the v e l o c i t y  change,  the 
r e l a t i onsh ip  being r e a d i l y  found by in t eg ra t ing  (3) ove r  

the channel  c r o s s  sec t ion ,  sub jec t  to the condit ion of 

cons tant  flow r a t e :  

t 9 (t) = - -  --~ \ Ox~ -t- 7 1  dx dy  - -  

M~v U (k -- i) (4) 
R~. 

Then (3) and (4) t oge the r  give the fol lowing i n t e -  

g rod i f f e r en t i a l  equat ion:  

lab 'l a 
a v  "~ "4 ( O~v 02v \ " 1 
0-7 =- - -  a--K \ Oz: -}- ~ ) ax ag 4- 

{ o~,, + o-",, ) + M,,, (U - -  v ) ,  (5) + 'V 

* The subscripts to the velocity are omitted here and 

subsequently. 
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the boundary  conditions for  (5) being 

(6) 

and the init ial  conditions being given as 

v = vo (x, y, 0), 

M =  Mo, P = P o  for  t = o  . (7) 

The magne t i c  field is changed ins tantaneously  at 
the initial instant ,  and the e l e c t r o m a g n e t i c - p r e s s u r e  
loss  changes  s imul taneous ly ,  which is phys ica l ly  t rue  
because  the e l ec t romagne t i c  t r ans ien t s  a re  of v e r y  
shor t  durat ion re la t ive  to the MHD t rans ien t s :  

v---- v(x, y, t), M =  M, 

P = P z + P a ( t )  fbr  t>~0. 

The solution to (5) is sought in the f o r m  

~, (x, y, t) = F(~,  y) + ~ q). (t) r  (x, y ) ,  (s)  

in which F(x, y) co r r e sponds  
Substitution of (8) into (5) 

equat ions,  whose solution is 

to the s t eady - s t a t e  flow. 
gives th ree  differential  
known [ 4] : 

O~F O~F 
Ox s "{- Oy~ 

M~ F + M~ R~ ~ U - -  

'Ab Via 

ab \ Ox ~ -F 
~b ~a 

025 ' \ . . 
"W/  ) ax ay  = 0 

df-~ + a ~" 0 

0 ~ r  o~r 
o~ + ~ - ~ - ~ P ~  - -  

'/~b %6 

- ~--~ \ o ~  + ~ } ax ay  = u .  
- -  ~b ~a 

The coeff icients  ~n and fin are  re la ted  by 

Dr =--ffg- S S \ az~ + ~ ) dx dg , 
-'/~b ~/za 

2 N ,  ~ M ~ I R~ ~ + ~ / a ~, W ~  = ~ -]- ) ~  l a~, 

~,,~ = ~ (2m - -  1).  

It follows f rom (9) and (11), subject  to cons tancy of  
flow ra te ,  that  

t]s b W ~  = th  W,~,~ z]~ b 

o r  

Zl~blW~nl = tg IW,~n IZ/~b 

since W2mn -< 0. 
We take the Laplace  opera to r  of (9) and integrate  the 

resu l t  over  the c r o s s  sec t ion  of the channel to get the 
following exp res s ion  for  D F:  

co 

a~Nm ~ • 

th  N ,a  V~ b 1 --1 

The coeff icients  De of the s e r i e s  a re  de te rmined  
f o r t =  0 f r o m  

vo (z, y) = F0 (x, y) = 

= F (x, y) - -  4 Dzr " 

• ['t cos I W , ~  I z "l 
~ o - ~ T ~ / Z b j  ' L 

F0 (x, y) = 

= 400 } (- I)'~+~ ~o~ (;~.,W=) [i 
m=z ~mNom ~ 

ch NoraZ l 
~ b  I '  

Mo 2 1 C C  
Do = ~ U - -  - ~  J, J \-o&-~- - @ s  / dxdy ' 

-- 12b 12a 

a 2 = M ~ v / R ~ _ _ v ~  �9 

The solutions are  put as 

co ( l)m+t ~ c h N  x / C O S ~ _  ' 

%~ (t) = A exp (--  zcn2t) , 

~,c~ (-i)"+~ (I. ~hw,~,,. ~ cos---~-,~"'J ~- 4Dr ~.~ 1 ~ 2 c~/ 
m W m n  

D F  M2 U 1 [ a~F O~F \ . . 
= nh - - T  - -  ~ ~ a~  + ~ )  az  a y ,  

- t/2b ~a 

(9) 

(10) 

(11)  

RhS - -  a ~ "~ 

It follows f rom (12) that 

DF [ l  ch Nmx"  1 
Nm~ ch N m 1/2 bJ -~ 

~1 DI~ [i c~ 
+ _ ~ c o s l ~ ; l l / ~ b j j  = 0 .  

Then 

ch N6mx DF F, ! ch N m x  
D~ [j. c h N o m X / ' b  ]--"N-'~m ~ L C h N m l / ~  b ] -- No~ 

(12) 
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D~+ [1 cos lW~. l~  ] 
= - - - ~  - - - c o s l W ~ l : A b j "  

The  f u n c t i o n s  r  = 1 - ( c o s ] W r e n  i x ) / ( c o s  J W m n ] b / 2 )  
a r e  o r t h o g o n a l  in the  r a n g e  •  so  

D ~ ,  = _ _  _ _  
Die Nmb I Wm~ I --  21W,.~ I th N,.xI2 b 

Do Nora b ] Wm~ ] - -  21 Wren ~ I th Nora ~/2 b 
(1/2 bNom)3 2 2 No~ + I Wm,~ f 

This solution allows us, from (4), to calculate the 

change in the pressure loss in the channel of an MHD 
generator when the field is switched on (M o = 0) and 
when the power output is adjusted via the magnetic in- 
duction. 

As t ~ co this solution agrees with the one pre- 
viously obtained [4] for steady-state flow in a similar 

channel. 
Further, as M --~ 0 it becomes the known solution 

for ordinary hydrodynamics. 

RE FERENCES 
i. M. J. Carstoiu, "Snr le monvement lent d'un 

fluide visqueux eondueteur entre deuxplansparall~les," 
C. R. Acad. Sci., Paris, voL 249, no. 14, 1959. 

2. E. Crausse, R. Crausse, and J. Poirier, WMise 
en vitesse entre parall~les in d~fins d'un liquid dlec- 
troconducteur soumis dun champ magndtique trans- 

versal," C. R. Acad. Sei., vol. 254, no. 2, 1962. 
3. E. Crausse, J. Polrier, C. Vives, "Etude 

th6orique du mouvement oscillatoire fibre entre deux 

plans verticaux parall~les et ind6finis d tune colonne 
de liquide pesant, visqueux et 61ectroconducteur 
presence d'un champ magn~tique," C. R. Acad. 8ci., 
vol. 256, no. 4, 1963. 

4. A. G. Ryabinin and A. I. Khozhainov, "Steady- 
state laminar flow of a conducting liquid in a rectang- 
ular pipe in response to ponderomotlve forces," Zh. 
Tekh. fiz., 32, no. I, 1962. 

I0 June 1966 Leningrad 


